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Abstract. For singularly perturbed boundary value problems, numerical methods
convergent e-uniformly have the low accuracy. So, for parabolic convection-diffusion
problem the order of convergence does not exceed one even if the problem data are
sufficiently smooth. However, already for piecewise smooth initial data this order is
not higher than % For problems of such type, using newly developed methods such
as the method based on the asymptotic expansion technique and the method of the
additive splitting of singularities, we construct schemes with improved accuracy.
Key words: singular perturbation, boundary layer, parabolic convection-diffusion
equation, difference scheme, parameter-uniform convergence, high-order accuracy.

1. Introduction

Problems with boundary or interior layers often appear in mathematical mo-
delling of heat transfer and/or diffusion processes. When the layer thickness
defined by a small parameter € becomes small, then standard numerical meth-
ods give large errors. Well known special numerical methods whose errors are
independent of the perturbation parameter ¢, i.e. robust numerical methods,
have the low order of convergence (e.g., it does not exceed one for convection-
diffusion equations), that is a significant restriction to practical use.

We mention existing techniques used when constructing robust numerical
methods of high-order accuracy such as well elaborated:

(a) the defect correction method,

(b) the Richardson extrapolation method,
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(¢) a new method based on the asymptotic expansion technique,

(d) the method of the additive splitting of singularities.

Methods based on approaches (a), (b) are discussed in [2, 3, 4, 7, 10],
approaches (c¢) and (d) are given in [11, 12], respectively, see the references
therein. These approaches, which use the technique based on piecewise uni-
form meshes condensing in the layer region, allow us to construct effective
numerical methods for sufficiently wide class of boundary value problems to
elliptic and parabolic equations whose solutions exhibit layer phenomena.

Here, in order to demonstrate the techniques (c¢) and (d), we focus on sin-
gularly perturbed parabolic convection-diffusion equations with smooth and
piecewise smooth initial data.

2. Problem with Smooth Data. Aim of Research

On the set G, G =GUS, G = D x (0,7T], where D = (0,d), we consider the
boundary value problem for the parabolic equation

Lu(z,t) = f(x,t), (x,t) € G, ulz,t)=p(x,t), (x,t)€S. (2.1)
Here

L= 6a(sc,t)8— + b(z, t)% —c(z,t) —p(alc,t)2

e 50 (z,t) € G,

the functions a(z,t), b(x,t), c(z,t), p(z,t), f(z,t) and @(x,t) are assumed to

be sufficiently smooth on G and S, respectively, moreover
ao S a($7t) S (ZO, bO S b(‘rﬂt) S b07 Co S C($7t) é Coa Po S p($7t) Spoa
|f(33,t)| SM7 ('T7t)€§7 |90(x7t)‘ SMv (J?,t)ES, CL(),b(),C(),p()>O;

the perturbation parameter e takes arbitrary values in (0,1]. Assume that

the data of problem (2.1) on the corner points S, = Sy N 5" satisfy the
compatibility conditions which ensure the required smoothness of the solution
on G. Here S = Sy U S%, Sy and ST are the lower and lateral boundaries;
So = So.

For small ¢, a boundary layer appears in a neighbourhood of the set

St={(z,t): 2=0,0<t<T},

the left part of the lateral boundary S*.

Let us give an e-uniformly convergent finite difference scheme constructed
by classical approximation of problem (2.1).
On the set G we introduce the rectangular mesh

G, =W X W, (2.2)

2 Throughout this paper, M, M; (or m) denote sufficiently large (small) positive
constants that do not depend on € and on the discretization parameters.
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where W and Wy are arbitrary, generally speaking, non-uniform meshes on
the segments [0, d] and [0, T], respectively. Let h' = z+t! — 2t 2 2! € @,
h = max; hi, and hF = tFT1 —tk ¢k 4kl € Gy hy = maxy, hF. Assume that
h<MN-' h < MNO_l7 where N + 1 and Ny + 1 are the number of nodes
in the meshes W and wy, respectively.

Problem (2.1) is approximated by the finite difference scheme [6]

Az(z,t) = f(x,t), (z,t) € Gn, z(x,t) =p(x,t), (z,t) € Sh. (2.3)
Here G, =GN Gy, S, =5nNG,
A =cea(z,t) dzz + b(x,t) 6y — c(x,t) — p(x,t) 07, (x,t) € Gp,
0z z(x, 1) is the second central difference derivative,

Szzz(z,t) =20 + BN o, 2(2,t) — Sz 2(2,1)], (2,1) = (2°,t) € Gp;
0z z(z,t) and 0z z(x,t) are the first (forward and backward) derivatives.

Scheme (2.3), (2.2) is monotone e-uniformly [6]. On the set G’ we introduce
the mesh
G =w" x Wy, (2.4)
where Wy = w§ is a uniform mesh, @* is a piecewise uniform mesh constructed
as follows (see, e.g., (2, 3, 9]). The segment [0, d] is divided into two parts [0, o]
and [0, d], where the step-sizes are constant and equal to h)) = 2¢ N~ and
h(?) = 2(d — )N, respectively. The parameter ¢ is defined by

o =o0(g,N,l) = min (g, %EIHN),

where m is an arbitrary number from (0,mg), mo = m(3.2). Here [ = 1; in
the other piecewise-uniform meshes this parameter will be chosen later.

Theorem 1. Let the solution u(x,t) of problem (2.1) satisfies the estimates
from Theorem 2, where K = 4. Then the difference scheme (2.3), (2.4) con-
verges e-uniformly with the error estimate

lu(z,t) — z(z,t)| <M [N"'InN + Ny '], (z,t) € Gp.

For the boundary value problem (2.1), our aim is to develop a finite dif-
ference scheme convergent e-uniformly with accuracy higher than the first
order.

3. A Priori Estimates and the Asymptotic Construct for
Problem (2.1)

Here we give a priori estimates of the solutions and derivatives for problem
(2.1) (see, e.g., [2, 3, 9]). We represent the solution of the problem as the sum
of functions u(z,t) = U(z,t)+V (x,t), (z,t) € G, where U(x,t) and V (x,t) are
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the regular and singular parts of the solution. The function U(z,t), (x,t) € G
is the restriction, to G, of the function U¢(x, t), (z,t) € G, which is a solution
of the “extended” problem obtained by extension of problem (2.1) beyond the
left boundary S'. The function V' (x,t), (z,t) € G, i.e. the boundary layer, is
the solution of a homogeneous equation. Assume that

8k 51@0 5k+ko
@w(x,tL %w(x,tL Wf($7t) :07 (m,t)ES*, k,ko Sl, (3].)

where | = 3n 4+ 2, n > 1. In this case u,U,V € C’llJl(a), l=n+1+aq,
a € (0,1). For U(x,t) and V(z,t) we obtain the estimates

o

(;ikatkﬂ U(x,t)‘ <M1tk kg kg < K, (3.2)
ak—i—ko .

ErET V(’I,t)' < Me " exp(-meta), (z,t)€q,

where m is any number from (0, mg), mo = mingla™*(z,¢) b(z,t)]; K =n+1.

Theorem 2. Let the data of the boundary value problem (2.1) satisfy the con-
dition a, b, ¢, p € CHY(G), f € CHH(Q), p € CHUG), 1 =3n+2,n > 1, and
also condition (3.1). Then the components U(x,t), V(x,t) satisfy estimates
(3.2), where K =n+ 1.

We now give the problem formulation for the main term in the asymp-
totics of the solution that are considered in a neighbourhood of the boundary
layer and outside it. We will use that problem formulation when constructing
schemes for small values of the parameter. The set G can be represented in
the form of a sum of two sets

G=a"ua®, sw_g®\g®W, r=1,2, (3.3)

where G = (0, o) x (0,T], G = [0, d) x (0,T]. The condition imposed on
the parameter o is given below in Theorem 3.

Let us introduce the function u?(z,t), (z,t) € 6(2), i.e., two first terms in
the outer asymptotic expansion of the solution of problem (2.1)

u?(z,t) = u(z,t) + eui(z,t), (z,t)€ a"?.
The components u?(z,t) can be found by solving the following two problems

L(l)u%(x,t) = f(z,t), (z,t) € G®3,

3.4
ug(z,t) = ¢(z,1), (z,t) € §@; .
W, 2 0 5 @)
LWui(x,t) = —a(l‘ﬂf)@uo(x,t% (z,t) € G, (3.4b)
u%(x7t) = 07 (l‘,t) S 5(2)
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where 5 5
LW y(x,t) = {b(gc,t) e c(z,t) — p(z,t) a} u(z,t).

We say that u?(z,t), (z,t) 66(2), is the solution of problem (3.4a;3.4b).
Then we find the function u'(z,t), (z,t) € c by solving the problem

Layu!(z,t) = f(z,t), (z,t)eGW, (3.4c)
g ) — {w(x,t), (z,t) e SN,
u (xa ) - u2(oc,t), (;v,t) c S(l)\S.

Theorem 3. Let the hypothesis of Theorem 2 for | = 4 be fulfilled. Then
under the condition 0 = o(e, §) = min [271d, gm~' e In(1/6)], where ¢ > 1,
m = mys.2y, 6 is a sufficiently small number, the functions u(z,t), (x,t)€

—(k
G ( ), satisfy the estimate

u(e,t) — ub(z, t) < M [2+067), (@.)eG™, k=12

4. Schemes with Improved Accuracy for Problem (2.1)

4.1. Scheme with improved convergence for finite &

In this section we present a e-uniformly convergent difference scheme having

the rate of e-uniform convergence of order close to two in z, for not too small

values of the parameter €, and the convergence rate of the second order in t.
On the set G, we introduce the mesh (similar to (2.4))

G =G =o° x o, (4.1)
where Wy = Ty, W* is a piecewise uniform mesh on D; &* = W(5 4y (o) for
oc=o0(e,N,l =2) = min [2_1 d, 2mle 1nN} , M = My3.2).

On the mesh G}, we consider the difference scheme

APz t) = flx,t), (x,t) € G, z(x,t) = p(z,t), (z,t) € Sp.  (4.2)
Here
APz (z, ) ={Ay + A1} 2(z,t),
Az 2(z, ) ={e a(z,t) 0zz + b(x,t) 05} 2(x, 1), (z,t) € GN G,

{ea(z,t
{ea(x,t

Oz + b(z,t)0z}z(x,t), if e N > M,
Aogz(z, )= ) (,1)0z}z(z, 1) ] 0 (2, t) e GLN G,
)ozz + b(x, )0, F2(x,t), ife N < My

Ay z(x,t) = {—p(x,t) 0 — c(x,t)} z(x,t), (x,t) € Gp;

— (k) =k
" = ((3.)3)(0), o =0(1), Mo >2d maxg [a ! (z,t)b(x,1)].
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Scheme (4.2), (4.1) is monotone e-uniformly. For solutions of this scheme,
we have the error estimate

lu(z,t) — 2(x,t)| < M[N 2 (e4+1In"'N)"2 + Ny '], (x,t) € G, (4.3)
when

eN Z M0(4_2). (44)

We now give a scheme of improved convergence rate in ¢t under condition
(4.4). For this we apply an approach based on the defect correction technique
(see, e.g., [2, 3]); we use scheme (4.2), (4.1) as the base scheme. We approxi-
mate problem (2.1) by the difference scheme

AP 22 (z,t) = f(z,t) +¢O(x,t), (x,t) € Gy,

2 (x,t) = p(x,t), (x,t) € Sp. (45)

Here A®?) = AE?Q)’ Gy = @h(4_1), Y0(x,t) is the correcting term

87 2W (x,t), t > 27
O(z,t) = ¢° (.t z(l)(-)) =2""7p(z,t) { o2 ;

2 (x,1), (2,t) € Gy, is the solution of the scheme (4.2), (4.1), dy7 2(z,t) is
the backward second-order difference derivative,

by72(w,t) = (07 2(w, t) — b 2(w,t — 7)) /7, (2,t) € Gp, t2=> 27,

7 is the step size of the mesh ©p in (4.1), 7 = T Ny *. We call the function
2@ (z,t), (x,t) € Gy, the solution of the scheme (4.5), (4.1), (4.4). Assume
that the coefficients a(x,t), b(x,t) satisfy the condition

a(z,t) = g(x)b(z,t), (x,t) € G, (4.6a)
and the initial condition is homogeneous:
oz, t) =0 (z,t) € So. (4.6b)

Theorem 4. Let condition (4.6) and also the estimates from Theorem 2 for
K = 6 be fulfilled. Then the scheme (4.5), (4.1), (4.4) converges e-uniformly.
The numerical solutions under condition (4.4) satisfy the estimate

lu(z,t) — 2@ (2, t)) < M [N"2I* N+ Ny %], (2,t)€ Gh.

4.2. Schemes based on asymptotic constructs

For small values of the parameter €, we construct a higher-order accurate
scheme by approximating problems (3.4a)-(3.4c). The mesh G}, 4.1y is decom-
posed into the sum of grid sets

h=G UG, G =G G, 1P =r®nG,, k=12 (47)

Q)
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where G = 5((5_)3) = @((;)3) (0), 0 = o(a1). On the grid @,52), Wwe approxi-
mate problem (3.4a; 3.4b) by the difference scheme

AV (2,t)=f(w,1), (2,8) € G}, (@) =p(,1), (z,1) € S7;  (4.8a)
AW 2 (2, 8) = —a(, 1) uz 23 (2, 1) + P (x, 1) +¢0(x,1), (x,t)€ Gy, (4.8D)
2(x,t)=0, (x,t) € S,(LQ).

Here AW z(z,t) = {b(x,t) 62 — c(x,t) — p(x,t) O} 2(x,t), (x,t) € G;f);

Suz 28(x,t), >0

Pl (z,t) =27 e hib(x,t) { } , b=ttt

Oz zg('%a t)7 r=ao
POz, t) =t ¢?4'5) (z,t; zé2)(-)), 8oz 20(T,1) = Ouz 28 (2T 1), 2 = 2",

The function 2%(z,t) = 2¢(z,t) +e 2}(z, 1), (z,t) € 6,52), is called the solution
of problem (4.8a; 4.8b). The operator A() is monotone.

For the function 2%(z,t), (z,t) € @,52), we obtain the estimate

W2(z,t) — 22(2,6)| < M2+ N2+ Ny, (z,t) € G (4.9)
On the grid 521()4_7), problem (3.4c) is approximated by the scheme

At 2Nz, t) ={ea(z, t)62z + bz, 1)65 — c(z,t) — p(z, )67} 2" (2, t) = f(z,1),
p(x,t), (z,t) €8, NS,

Zz(ﬂj,t)7 (gj’t) c S}Sl) \S (48C)

() e GV, 2l(a,t) = {

The operator A' is monotone on the grid set GS).
For z!(z,t), (z,t) € é,&l), we obtain the estimate

lul(z,t) — 2 (z,t)| < M [ +eNg'InN + N 3(e+In"" N) "2 + Ny 7.
On the mesh @h(“), we define the function z(x,t) by the relation
s t) = {F (@, t), (0,0 eGY, k=12}, (x.t)€Gn,

where 2*(z,t), (2,t) € E}E’“, are the solutions of problems (4.8a; 4.8b) and
(4.8c). This function z(z,t), (x,t) € Gy, is called the solution of the difference
scheme (4.8), (4.1). For the solution of this scheme, we have the estimate

lu(z,t) — 2(z,t)| < M [e* +e Ny 'InN + N 2(e +In"' N) 2 + N; 2],
(z,t) € Gj,. For sufficiently small values of the parameter ¢ (for e < M N~1)
scheme (4.8), (4.1) converges at the rate O(N~21n* N + N, 2).

The scheme with improved e-uniform order of convergence for € € (0, 1] is
constructed on the basis of schemes (4.5), (4.1) and (4.8), (4.1). For € > ¢y,
where
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g0 =¢eo(N) = My 5yN 1, (4.10)
we use scheme (4.5), (4.1), (4.4), while for ¢ < eo we use scheme (4.8), (4.1).

The function z(z,t), (z,t) € G, constructed in this way is called the solution
of the difference scheme (4.5), (4.8), (4.10), (4.1).

Theorem 5. Let the data of the boundary value problem (2.1) and its solu-
tions satisfy the hypotheses of Theorem 4. Then the solutions of the difference
scheme (4.5), (4.8), (4.10), (4.1) as N, Ny — oo converges to the solution of
problem (2.1) e-uniformly with the estimate

lu(z,t) — z(z,t)| < M [N? ln2N+N0_2} , (z,t) € Gp.

5. Statement of the Problem with Piecewise Smooth
Initial Data. Aim of Study

In the domain G with boundary S, where G = GU S, G = D x (0,71,
D = {x: z € (—d, d)}, we consider the parabolic equation with constant
coefficients and piecewise-smooth initial data

Liayu(z,t) = f(x,t), (v,t) G, wu(xt)=p(t), (z,t)eS (5.1)

Here
9? 0

Lsy=ecamg5+b——c a, b, p>0, c>0,

0
Ox? Ox P
the right-hand side f(z, ) is sufficiently smooth on G. The boundary function
¢(z,t) is continuous on S, sufficiently smooth on the set ST, i.e. lateral part
of S, and piecewise smooth on the set Sy, i.e. lower part of S. For t = 0 the
first z-derivative of the function ¢(z,t) has a discontinuity of the first kind
on the set S*), SU) = {(x,t): x=1t=0}.

By a solution of problem (2.1), we mean a function u € C(G)NC 2! (G) that
satisfies the differential equation on G and the boundary condition on S. For
simplicity, we assume that compatibility conditions ensuring local smoothness
of the solution for fixed € are fulfilled on the set S, = Sy ﬁgL. The derivative
(8/0x)u(x, t) is continuous on G, where G~ = G\ S™); for fixed ¢, it is
bounded on G and discontinuous on S *),

We are interested in a numerical approximation to the solution wu(z,t),
(z,t) € G. Let us specify the behaviour of the solution. Let S7 = {(z,t) : = =
v(t), (x,t) € G}, and let z = ~(t), t > 0, be the characteristic of the reduced
equation passing through the point (0,0). As ¢ — 0, in the neighbourhood of
the sets S! and S” there appear boundary and transient layers with typical
scales € and €'/, respectively; S' is the left part of SZ. For simplicity, we
assume that the characteristic S7 does not meet the boundary S, that is,
the transient and boundary layers do not interact.
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The classical finite difference scheme for problem (5.1) in the case of piece-
wise uniform meshes condensing in the layers converges e-uniformly at the rate
O(N—/2 4 No_l/z). This rate of convergence is essentially lower than that for
problems with sufficiently smooth data.

Our aim is to construct a numerical method that converges e-uniformly at
the rate O(N~'In N + N, ') for the problem (5.1).

Note that, when the main term of the transient layer (the function Wy (z, t)
in representation (6.2)) vanishes, the classical difference scheme on a piecewise
uniform mesh converges e-uniformly at the rate O(N~'In N + Ny '). Thus,
to construct a scheme with improved convergence it is appropriate to apply
the method of the additive splitting of the singularity W1 (x,t), which is gen-
erated by the discontinuity in the derivative (9/0x)¢(x,0). Such an approach
is applied here to construct an improved scheme for problem (5.1).

6. A Priori Estimates for Problem (5.1)

To derive estimates for the solution of problem (5.1) and its derivatives, we
apply the technique from [8, 9].

The set G is decomposed into the sum of overlapping sets

G=U,G, j=123 (6.1)
where
Gr'=GYm') = {(z,t): |z —~(t) <m', te(0,T]},
G'! and G? are the neighbourhoods of the transient and boundary layers,
respectively; let G N 62 = (). We denote the solution of problems (5.1)
considered on the set G’ by u’(z,t), j =1,2,3.

We represent the function u!(z,t), (z,t) € él, in the form of the sum of

functions 1
ul(z,t) = Uz, t) + Wh(z,t), (2,t)€q, (6.2)

where U (z,t) and W !(z, ) are the regular and singular parts of the solutions,
K-1 .
Ule,t) =U'(a,t0) = Uz, t) + Y Wi(z,t), (z,t)€C ;

k=i+1

Whz,t) = Wiz, t; i) = Y Wi(z,t), (2,1) €@,
k=1

and i takes one of the values, either 1 or 2. Here U !(z,t) and W (x,t), (z,t) €

61, are smooth components of the solution to the inhomogeneous equation
from (5.1) and the transient layer. The functions Wy (z, t) are solutions of the
Cauchy problems

L(5.1) Wi(z,t) =0, (x,t) € Rx (0,71,
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1 [0Fp(x,0)
Wi(x,0) = ——~ | ———F—
k@ 0) = 575 [ dzF

Here [(0F/02%)p(x,0)] = (9% /02%)p(40,0) — (0% /92*)p(—0,0).
For the components in representation (6.2), taking into account the explicit
form of the functions Wy (z,t), k =1,..., K — 1, we find the estimates

} lz|z*t, zeR, k=1,..., K —1.

Otk (i+1—k—ko)/2 i+1—k—ko
W U (CE, t) S M[]. +e P
+ 5(i+17k)/2pi+lfkf2ko]’ (z,1) € @17 (6.3)
Otk (l—k—ko)/2 1—k—k (1—=k)/2 1—k—2k
WW(x,t} SMI:].‘FE 0 P 0+E P 0},

(v, t) € G; k+2kg< K,i=1,2,

where p = pla,t; ) = €2 [z — ()| + 112, p = plE,t; ) = e /2 [¢] + 172,
m is an arbitrary constant.

For the function u3(x,t) we have the estimate

ak+k0

-3

The solution u?(x,t) can be represented as the sum of functions
wl(z,t) =U2(x,t) + V2(x,b), (1,8)€G, (6.5)

where U %(z,t) and V ?(x,t) are the regular and singular parts of the solution.
For the functions U ?(z,t) and V 2(x,t), the following estimates are valid:

8k+ko
‘&vkatko UQ(Jj,t)‘ < M, k+2k‘0§K, (66)
8k+ko .
‘axkatk_o VQ(m,t)‘ < Me Fexp (- me™! (z + d), (z,t)eG",

where m is any constant from the interval (0, mg), mo = a1 b.

Theorem 6. Let the data of the boundary value problem (5.1) satisfy the con-
dition f € C1-1/2(G), p € C1 (S, )NC (S H)NCH/2(EH)NC(S), Iy = I+a,
where | = K, a € (0,1). Then the solution u and its components in represen-
tations (6.2), (6.5) satisfy estimates (6.4), (6.3), (6.6).

7. Classical Finite Difference Approximations on
Piecewise-Uniform Meshes. Problem (5.1)

On the set G, we introduce the rectangular grid (similar to (2.2))
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Gn=Dj X Wy = X Wo, (7.1)

where @ and Wy are meshes on the segments [—d, d] and [0, T']. We approximate
problem (5.1) by the difference scheme [6]

A(7.2)Z(ma t) = f(l‘,t), (Jf,t) € Gh; Z(ma t) = Qa(xat% (mat) € Sha (72)
where
A7) =€adzz +bdy —c—poy
On the set G, we construct a grid condensing in a neighbourhood of the
boundary layer, similar to that constructed in [1, 5, 8, 9],

G, =0* x Dy, (7.3)

where Wy = W', @* = W*(0) is a piecewise uniform mesh on [—d, d], o is a
mesh parameter depending on ¢ and N. The value of o is chosen to satisfy
the condition o = o(N, €) = min[3, 2m~'e In N ], where 3 is an arbitrary
number in the half-open interval (0, d], m = mg.g)-

Theorem 7. Let the solution of problem (5.1) and its components in repre-
sentations (6.2), (6.5) satisfy estimates (6.4), (6.3), (6.6) for K = 4. Then the
difference scheme (7.2), (7.3) converges e-uniformly with the estimate

|u(z,t) — 2(x,t) |< M[N"Y2 4 N Y2, (2,t) € Gy

Remark 1. Let the component Wi (x,t) be absent in representation (6.2), i.e.,
Wi(z,t) =0, (z,t) € G'. In this case we obtain the estimate

lu(z,t) — z(z,t)] < M [N"" InN + Ny '], (2,t) € G.

8. Improved Scheme of the Additive Splitting of
Singularities for Problem (5.1)

We decompose the solution of problem (5.1) into the sum of functions u(z,t) =
ul(x,t)i— uz(z,t), (w,t) € G, where ug(z,t) = Wl(x,t) = W(16'2)(a:,t; i),
(x,t) € G, i = 1. The function u;(x,t) is a solution of the problem

Liyui(z,t) = f(z,t), (z,t) € G, wui(z,t) =¢i(z,t), (x,t)€s, (8.1)

where 1 (2,t) = @(x,t) — Wl(x,t), (x,t) € S; the function ¢;(z,t) and its
first derivative in z are continuous on Sj.
We approximate problem (8.1) on mesh (7.1) by the difference scheme

Aqoyza(x,t) = f(z,t), (z,t)€ Gp, z1(z,t) = p1(x,t), (z,t)€ Sp. (8.2)

Using the function z(z,t), (z,t) € G}, we construct the function z; (z, t),
(x,t) € G, which is a piecewise bilinear interpolant. Further, we construct
the function ull(z,t) = Z1(x,t) + ua(w,t), (z,t) € G. The function ul(z,t),
(z,t) € G, is called the solution of scheme (8.2), (7.1), which is the scheme
based on the method of the additive splitting of a singularity (namely, the
main term of the transient layer).
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Theorem 8. Let the hypothesis of Theorem 7 be fulfilled. Then the difference
scheme (8.2), (7.3) converges e-uniformly with the error bound

lu(z,t) —ul(z,t)| < M[N"'InN +N;Y|,  (,t) € G.
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