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Abstract. This paper deals with the investigation of stationary flow for a viscous
incompressible liquid in multiconnected domains. The Stokes approach and bound-
ary value problem for a flow function are considered. The R-functions and Ritz
methods are used to solve the boundary value problem.
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1. Statement of the Problem

Consider a stationary flow of a viscous incompressible liquid in a (m + 1)-
connected plane domain {2 with an external boundary 92y and internals ones

021,082, ...,02,. Suppose 012 = U 002; and 002, N0, =0, k #j, k,j =

1=0
1,2, ...,n. The flow is described by the Stokes and continuity equations:
1
—vAv =—=-Vp+f,
0
divv =0, v]|y,=Vv"*.

Here v denotes the field of velocities, p is the pressure, f is the field of volume
forces, v is the kinematic viscosity, p is the density.

The field of velocities in the domain (2 are described by the equation for
a flow function 1 (x,y)
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af. of
A%p=Re( = — =2 ). 1.1
v =Re ( gy Oz ) (1.1)
The flow function v (x,y) is connected to the field components v, and v, by
the expressions v, = g—f, vy = _‘Z_i{

Suppose that a flow of mass over domains 02, k = 1,2,...,n is absent
[2]:
/ dp=0, k=1,2,...,n
o0y,

It means that function ¢ (z,y) is one-valued.
The flow function v (z,y) is defined only to within additive constant. Let
fix value of the constant in some point sg € 9f2y, i.e. suppose ¥ (sg) = 0. Let

choose a function fo (s) € WJ (962) such, that 2° o = v* -, f(sg) =0.

0 .
Since 8_¢ = v*-n, then ¢ (x,y) coincides with fy (s) in 042y and differs
T lon
from it by some constant in 942;, i = 1,2, ...,n. Thus,
1ﬁ|{mo = fo (s), (1.2)
Vlog, = fo(s)+as, i=1,2,..,n, s€oN, (1.3)
where «;, i = 1,2, ...,n are fixed and unknown numbers.
Moreover,
oY
s =3a ,8 € 002, 1.4
o | = 0(9)s (14)

where go (s) = —v* - 7. It is proved in [ ] that problem (1 1), (1.2) — (1.4)
is solvable in W2 (2) at f € [La ()], v* € [L2 (32)]?, [ v*-nds=0,
2;

082;
i=0,1,..,n
According to [2], the constants «; can be determined as
Op Op
—dx —d =0, 1.5
5,0+ 9y (1.5)

r

where I is the any closed contour, which belongs to {2 . In particular, (1.5)
must be fulfilled for the contours 02y, 929, ..., 012,. Since

6]9 B 1 B_¢ Bp o
o0 I A(@)’ =Jv- (%)

then (1.5) can be written as

f(f”_A (gj)>d$+<fy__A (gf))dy:Q (1.6)

Taking into account the connection between line integrals of the first and
second orders



The R-Functions Method for Solution of Multiconnected Stokes Flows 521

]{axdx—i-aydy:/a-Tds, T = &‘J_Fi_aw_Fj
L

3

r

0y ox
L

equation (1.6) can be written as

/f-TdS—i/ ~ OQwr 0AY  dwp 0AY ds
Re dy Oy Ox Oz
T r

1 [ 0AY
—/deS—ﬁfa—ndS—O

r r

Here wr (z,y) such, that wr (z,y) = 0, (z,y) € I'; |Vwr| = 1, (z,y) € I}
f-, denotes the tangential component of the mass force vector f, 7 is the unit
vector, n is the external to I" normal vector. The vectors n, 7, n X 7 are
right-oriented.

Thus, we have the problem to integrate equation (1.1) in domain {2 with
the boundary conditions (1.2)—(1.4), constants «, i = 1,2, ...,n can be defined

as
1 oAy
/ deS = ﬁ / WCZS,Z = 1, ceey N (17)

2. Method of the Problem Solving

Consider the R-functions method and superposition principle for solving the
problem (1.1), (1.2)—(1.4), (1.7). Let write function ¢ (z,y) as

¢($ay) = 1o (ﬁvy)""_zaiwi (x,y), (21)
=1

where a;, 1 = 1,2, ..., n are constants from (1.3), function v (z, y) is a solution
of the following problem

A%y =Re 0fs _ Oy , (z,y) € 2,
Jy ox
(2.2)
_7 oo | .
Yolag = fo(s), o =go(s), se€In.
a9
Functions 4; (z,%), i = 0,1, ...,n are solutions of the following problem
A%p; =0, (z,y) € 02,
O (2.3)

=0.

wz‘|an\agi =0, ¢i|agi =1, P

" a0
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Obviously, selection of such functions v; (z,y), ¢ = 0,1,...,n guarantees
that function ¢ (x,y) of (2.1) satisfies equation (1.1) and the boundary con-
ditions (1.2)—(1.4).

Let substitute (2.1) into expressions (1.7) for determining constants o,
1=1,2,...,n, then we get the following system of linear algebraic equations

ézaj / 8§;fjds:—é / 8?:5)06154—/f‘,-ds,izl,Q,...,n. (2.4)

=1 o, 00 09

We will use the R-functions method for solving problems (2.2) and (2.3).
Let define the functions wg (z,y), w1 (x,y), ..., wn (x,y) such, that

Dwi(z,y) =0, (z,y)€df, i=0,1,..,n,

2) w; (z,y) >0, (x,y) € NU ( LnJ 8Qj),
ji=0
J#i
3) [Vw;| =1, (z,y) €02, 1=0,1,...,n.
According to the R-functions method, the structure of solution for the
boundary value problem (2.2) has the form

Yo = fo— w (D1fo+ go) + w’®y,

here w = /\na Wi, f() = EC (fo), go = EC (go), D1f0 = (Vw,Vfo), QSO is the
i=1

undefined component. Using the EC-operator [3], the boundary conditions of
(2.3) can be written as

1
Wi
!
> o

7=0

i
= fi|aQ ) on
a0

o8

¢i|ag =

The structure of solution for the boundary value problem (2.3) has the form

1 1
Py = 24— — WD1< e ) + w2, = ¢; + WP,

1 1
2. o 2 o
j=0 j=0

1 1

0; = "Ll —wD, n'l ,
2. o 2 o
7=0 7=0

where @;, i = 1,2, ...,n are undefined components.
Use the Ritz method to approximate the components @;, ¢ = 0,1,...,n.

Let define @;,7=0,1,...,nas &; = Z Cik®ik, where {¢; 1}, are complete
k=1
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systems of a functions, i = 0,1,...,n. Let systems of functions {wgqﬁi,k};l
are coordinate sequences for any ¢ = 0,1, ..., n such, that

1) w?¢ir e Wi (02), k=1,2,...,

2){w2¢i7k};o:1 is complete in W2 (£2);

3) w2¢i1, W2Pia, ..., w e n are linearly independent for any N.
Let o = fo —w(D1fo+go) € W3 (02), F = %L; - % € Ly (£2) , then

problem (2.2) has only general solution 1 € W3 (£2) such, that 1y = o + uo,

where function ug yields the minimum of the functional in W3 (£2)

Jo [u] = // [(Au)2 + 2Aulpy — 2ReuF | dxdy.
2

1 1
Let ¢; = zn:wil - WD1< o ) € W3 (£2), i=1,2,...,n, then problem
j=0 ¥

(2.3) has only general solution ¢; € W2 (£2) for all i = 1,2, ...,n such, that

j=0 ¥
¥; = @; + u; where functions u; yield the minimum of functionals in W3 (£2)

Ji [u] = / / [(Au)Q +2AuA<pl} dzdy.
2

Let approximate functions u;, i = 0,1,...,n as

N;

~ — 2 S
Ui = U N, = g Ci kW Pik,t=0,1,...,m,
k=1

where ¢; , Kk =1,2,...,N;, 1 = 0,1,...,n, are the undefined components. For
their determination, according to the Ritz method, we have (n + 1)-systems
of linear algebraic equations
N;
Z (Wi, i ;] cij = — [w’in, @il , (2.5)

Jj=1

where [u,v] = [[ AuAvdzdy, k=1,2,..,N;,i=0,1,...,n.
7
Let v; be such, that % € Ly (012), i =0,1,...,n. Substituting the found

values
N;

Yi.N, = @i Ui N, = @i + Z ci kw2 dik
k=1
into (2.4), we get the system of linear algebraic equations for determination
of the oy, 1 =1,2,....,n.
Next we compute 25%. Since ¢; = ¢; + w?®;, then

n
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Ay = A+ A (w*B;) = Apy +02 AB; +; (2wAw + Vo) +2w (Veo, V8;)

5A¢j - aAQDj 6_w 26A 5_(.«]
Sl = TS 2w Wt (2w + Vel + 5 (25 Aw
0Aw ow ow 0
+2wW+2(Vw,V%)) +2%(w,v¢ )+ 205 (Vw, V).
Taking into account w|y, =0, an‘{m = -1, (Vw,V[)lpo = g_n 50 we
have

aij aA% 8% ob;
012

i

8A<p
z/( . J ( Aw—|—a 2>chk¢)Jk ZZCJ, >
982,

Thus, we have proved the following theorem.

Theorem 1. If ¢; € W2 (), i =0,1,...n, F € Ly (ﬁ), a?ff’l € Lo (092),

where ¥;, 1 = 0 1,...,n are solutions of problems (2.2), then the sequence

Yy = Yo,N, + Z o MmN, M = Z N; convergences to the only general
i=1 i=0
solution of problem (1.1), (1.2) —(1.4), (1.7) at the min {Ng, N1, ..., N} — o0

in the norm of space W3 (£2).

The function s allows us to find approximation for the field of velocities
and the pressure.

Numerical experiments were conducted for the rectangular domain with
one and two obstacles. Mathematica was used for implementation of compu-
tations. It is supposed, that mass forces f are potential, i.e. rotf = 0, it’s
mean F (z,y) = 0. Cubic splines are used as basis functions for undefined
components approximation.
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