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Abstract. This paper deals with the investigation of stationary flow for a viscous
incompressible liquid in multiconnected domains. The Stokes approach and bound-
ary value problem for a flow function are considered. The R-functions and Ritz
methods are used to solve the boundary value problem.
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1. Statement of the Problem

Consider a stationary flow of a viscous incompressible liquid in a (m+ 1)-
connected plane domain Ω with an external boundary ∂Ω0 and internals ones

∂Ω1, ∂Ω2, ..., ∂Ωn. Suppose ∂Ω =
n
⋃

i=0

∂Ωi and ∂Ωk ∩ ∂Ωj = ∅, k 6= j, k, j =

1, 2, ..., n. The flow is described by the Stokes and continuity equations:







−ν∆v = −
1

ρ
∇p+ f ,

divv = 0, v|∂Ω = v∗ .

Here v denotes the field of velocities, p is the pressure, f is the field of volume
forces, ν is the kinematic viscosity, ρ is the density.

The field of velocities in the domain Ω are described by the equation for
a flow function ψ (x, y)
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∆2ψ = Re

(

∂fx

∂y
−
∂fy

∂x

)

. (1.1)

The flow function ψ (x, y) is connected to the field components vx and vy by

the expressions vx = ∂ψ
∂y

, vy = −∂ψ
∂x

.

Suppose that a flow of mass over domains ∂Ωk, k = 1, 2, ..., n is absent
[2]:

∫

∂Ωk

dψ = 0, k = 1, 2, ..., n.

It means that function ψ (x, y) is one-valued.
The flow function ψ (x, y) is defined only to within additive constant. Let

fix value of the constant in some point s0 ∈ ∂Ω0, i.e. suppose ψ (s0) = 0. Let

choose a function f̃0 (s) ∈W 1
2 (∂Ω) such, that ∂f̃0

∂τ

∣

∣

∣

∂Ω
= v∗ · n, f̃ (s0) = 0.

Since
∂ψ

∂τ

∣

∣

∣

∣

∂Ω

= v∗ ·n, then ψ (x, y) coincides with f̃0 (s) in ∂Ω0 and differs

from it by some constant in ∂Ωi, i = 1, 2, ..., n. Thus,

ψ|∂Ω0
= f̃0 (s) , (1.2)

ψ|∂Ωi
= f̃0 (s) + αi, i = 1, 2, ..., n, s ∈ ∂Ω, (1.3)

where αi, i = 1, 2, ..., n are fixed and unknown numbers.

Moreover,
∂ψ

∂n

∣

∣

∣

∣

∂Ω

= g̃0 (s) , s ∈ ∂Ω, (1.4)

where g̃0 (s) = −v∗ · τ . It is proved in [1] that problem (1.1), (1.2) – (1.4)

is solvable in W 2

2
(Ω) at f ∈ [L2 (Ω)]

2
, v∗ ∈ [L2 (∂Ω)]

2
,
∫

∂Ωi

v∗ · nds = 0,

i = 0, 1, ..., n.

According to [2], the constants αi can be determined as
∮

Γ

∂p

∂x
dx+

∂p

∂y
dy = 0, (1.5)

where Γ is the any closed contour, which belongs to Ω . In particular, (1.5)
must be fulfilled for the contours ∂Ω1, ∂Ω2, ..., ∂Ωn. Since

∂p

∂x
= fx +

1

Re
∆

(

∂ψ

∂y

)

,
∂p

∂y
= fy −

1

Re
∆

(

∂ψ

∂x

)

then (1.5) can be written as

∮

Γ

(

fx +
1

Re
∆

(

∂ψ

∂y

))

dx+

(

fy −
1

Re
∆

(

∂ψ

∂x

))

dy = 0. (1.6)

Taking into account the connection between line integrals of the first and
second orders
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∮

L

axdx + aydy =

∫

L

a · τds, τ =
∂ωΓ

∂y
i−

∂ωΓ

∂x
j

∣

∣

∣

∣

Γ

,

equation (1.6) can be written as

∫

Γ

f · τ ds−
1

Re

∫

Γ

[

−
∂ωΓ

∂y

∂∆ψ

∂y
−
∂ωΓ

∂x

∂∆ψ

∂x

]

ds

=

∫

Γ

fτ ds−
1

Re

∫

Γ

∂∆ψ

∂n
ds = 0.

Here ωΓ (x, y) such, that ωΓ (x, y) = 0, (x, y) ∈ Γ ; |∇ωΓ | = 1, (x, y) ∈ Γ ;
fτ , denotes the tangential component of the mass force vector f , τ is the unit
vector, n is the external to Γ normal vector. The vectors n, τ , n × τ are
right-oriented.

Thus, we have the problem to integrate equation (1.1) in domain Ω with
the boundary conditions (1.2)–(1.4), constants αi, i = 1, 2, ..., n can be defined
as

∫

∂Ωi

fτds =
1

Re

∫

∂Ωi

∂∆ψ

∂n
ds, i = 1, ..., n. (1.7)

2. Method of the Problem Solving

Consider the R-functions method and superposition principle for solving the
problem (1.1), (1.2)–(1.4), (1.7). Let write function ψ (x, y) as

ψ (x, y) = ψ0 (x, y) +
n
∑

i=1

αiψi (x, y), (2.1)

where αi, i = 1, 2, ..., n are constants from (1.3), function ψ0 (x, y) is a solution
of the following problem



















∆2ψ0 = Re

(

∂fx

∂y
−
∂fy

∂x

)

, (x, y) ∈ Ω,

ψ0|∂Ω = f̃0 (s) ,
∂ψ0

∂n

∣

∣

∣

∣

∂Ω

= g̃0 (s) , s ∈ ∂Ω.

(2.2)

Functions ψi (x, y), i = 0, 1, ..., n are solutions of the following problem











∆2ψi = 0, (x, y) ∈ Ω,

ψi|∂Ω\∂Ωi
= 0, ψi|∂Ωi

= 1,
∂ψi

∂n

∣

∣

∣

∣

∂Ω

= 0.
(2.3)



522 Yu. Semerich, M. Sidorov

Obviously, selection of such functions ψi (x, y), i = 0, 1, ..., n guarantees
that function ψ (x, y) of (2.1) satisfies equation (1.1) and the boundary con-
ditions (1.2)–(1.4).

Let substitute (2.1) into expressions (1.7) for determining constants αi,
i = 1, 2, ..., n, then we get the following system of linear algebraic equations

1

Re

n
∑

j=1

αj

∫

∂Ωi

∂∆ψj

∂n
ds = −

1

Re

∫

∂Ωi

∂∆ψ0

∂n
ds+

∫

∂Ωi

fτds, i = 1, 2, ..., n. (2.4)

We will use the R-functions method for solving problems (2.2) and (2.3).
Let define the functions ω0 (x, y), ω1 (x, y), ..., ωn (x, y) such, that

1) ωi (x, y) = 0, (x, y) ∈ ∂Ωi, i = 0, 1, ..., n,

2) ωi (x, y) > 0, (x, y) ∈ Ω ∪
( n
⋃

j = 0
j 6= i

∂Ωj

)

,

3) |∇ωi| = 1, (x, y) ∈ ∂Ωi, i = 0, 1, ..., n.

According to the R-functions method, the structure of solution for the
boundary value problem (2.2) has the form

ψ0 = f0 − ω (D1f0 + g0) + ω2Φ0,

here ω =
n
∧α
i=1

ωi, f0 = EC
(

f̃0

)

, g0 = EC(g̃0), D1f0 = (∇ω,∇f0), Φ0 is the

undefined component. Using the EC-operator [3], the boundary conditions of
(2.3) can be written as

ψi|∂Ω =
1

ωi

n
∑

j=0

1

ωj

∣

∣

∣

∣

∣

∂Ω

= fi|∂Ω ,
∂ψi

∂n

∣

∣

∣

∣

∂Ω

= 0 = gi|∂Ω .

The structure of solution for the boundary value problem (2.3) has the form

ψi =
1

ωi

n
∑

j=0

1

ωj

− ωD1

(

1

ωi

n
∑

j=0

1

ωj

)

+ ω2Φi = ϕi + ω2Φi,

ϕi =
1

ωi

n
∑

j=0

1

ωj

− ωD1

(

1

ωi

n
∑

j=0

1

ωj

)

,

where Φi, i = 1, 2, ..., n are undefined components.

Use the Ritz method to approximate the components Φi, i = 0, 1, ..., n.

Let define Φi, i = 0, 1, ..., n as Φi =
Ni
∑

k=1

ci,kφi,k , where {φi,k}
∞
k=1

are complete
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systems of a functions, i = 0, 1, ..., n. Let systems of functions
{

ω2φi,k
}∞

k=1

are coordinate sequences for any i = 0, 1, ..., n such, that

1) ω2φi,k ∈
◦

W 2

2
(Ω) , k = 1, 2, ...,

2)
{

ω2φi,k
}∞

k=1
is complete in

◦

W 2
2 (Ω);

3) ω2φi,1, ω
2φi,2, ..., ω2φi,N are linearly independent for any N .

Let ϕ0 = f0 − ω (D1f0 + g0) ∈ W 2
2 (Ω), F = ∂fx

∂y
− ∂fy

∂x
∈ L2 (Ω) , then

problem (2.2) has only general solution ψ0 ∈ W 2

2 (Ω) such, that ψ0 = ϕ0 +u0,

where function u0 yields the minimum of the functional in
◦

W 2

2
(Ω)

J0 [u] =

∫∫

Ω

[

(∆u)2 + 2∆u∆ϕ0 − 2ReuF
]

dxdy.

Let ϕi =
1

ωi
n

P

j=0

1

ωj

− ωD1

(

1

ωi
n

P

j=0

1

ωj

)

∈ W 2

2
(Ω) , i = 1, 2, ..., n, then problem

(2.3) has only general solution ψi ∈ W 2

2
(Ω) for all i = 1, 2, ..., n such, that

ψi = ϕi + ui where functions ui yield the minimum of functionals in
◦

W 2

2 (Ω)

Ji [u] =

∫∫

Ω

[

(∆u)
2

+ 2∆u∆ϕi

]

dxdy.

Let approximate functions ui, i = 0, 1, ..., n as

ui ≈ ui,Ni
=

Ni
∑

k=1

ci,kω
2φi,k , i = 0, 1, ..., n,

where ci,k, k = 1, 2, ..., Ni, i = 0, 1, ..., n, are the undefined components. For
their determination, according to the Ritz method, we have (n+ 1)-systems
of linear algebraic equations

Ni
∑

j=1

[

ω2φi,k, ω
2φi,j

]

ci,j = −
[

ω2φi,k , ϕi
]

, (2.5)

where [u, v] =
∫∫

Ω

∆u∆v dxdy, k = 1, 2, ..., Ni, i = 0, 1, ..., n.

Let ψi be such, that ∂∆ψi

∂n
∈ L2 (∂Ω), i = 0, 1, ..., n. Substituting the found

values

ϕi,Ni
= ϕi + ui,Ni

= ϕi +

Ni
∑

k=1

ci,kω
2φi,k

into (2.4), we get the system of linear algebraic equations for determination
of the αi, i = 1, 2, ..., n.

Next we compute ∂∆ψi

∂n
. Since ψj = ϕj + ω2Φj , then
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∆ψj =∆ϕj+∆
(

ω2Φj
)

=∆ϕj+ω
2∆Φj+Φj

(

2ω∆ω + |∇ω|2
)

+2ω (∇ω,∇Φj) ,

∂∆ψj

∂n
=
∂∆ϕj

∂n
+ 2ω

∂ω

∂n
Φj + ω2

∂∆Φj

∂n

(

2ω∆ω + |∇ω|2
)

+ Φj

(

2
∂ω

∂n
∆ω

+ 2ω
∂∆ω

∂n
+ 2
(

∇ω,∇
∂ω

∂n

))

+ 2
∂ω

∂n
(∇ω,∇Φj) + 2ω

∂

∂n
(∇ω,∇Φj) .

Taking into account ω|∂Ω = 0, ∂ω
∂n

∣

∣

∂Ω
= −1, (∇ω,∇f)|∂Ω = ∂f

∂n

∣

∣

∣

∂Ω
, we

have
∫

∂Ωi

∂∆ψj

∂n
ds =

∫

∂Ωi

(

∂∆ϕj

∂n
+ 2Φj

(

−∆ω +
∂2ω

∂n2

)

− 2
∂Φj

∂n

)

ds

≈

∫

∂Ωi

(

∂∆ϕj

∂n
+ 2

(

−∆ω +
∂2ω

∂n2

) Nj
∑

k=1

cj,kφj,k − 2

Nj
∑

k=1

cj,k
∂φj,k

∂n

)

ds.

Thus, we have proved the following theorem.

Theorem 1. If ϕi ∈ W 2

2
(Ω), i = 0, 1, ..., n, F ∈ L2

(

Ω
)

, ∂∆ψi

∂n
∈ L2 (∂Ω),

where ψi, i = 0, 1, ..., n are solutions of problems (2.2), then the sequence

ψM = ψ0,N0
+

n
∑

i=1

αi,Mψi,Ni
, M =

n
∑

i=0

Ni convergences to the only general

solution of problem (1.1), (1.2) – (1.4), (1.7) at the min {N0, N1, ..., Nn} → ∞
in the norm of space W 2

2 (Ω).

The function ψM allows us to find approximation for the field of velocities
and the pressure.

Numerical experiments were conducted for the rectangular domain with
one and two obstacles. Mathematica was used for implementation of compu-
tations. It is supposed, that mass forces f are potential, i.e. rotf = 0, it’s
mean F (x, y) ≡ 0. Cubic splines are used as basis functions for undefined
components approximation.
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