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Abstract. A priori parameter explicit bounds on the derivatives of the solution of
a two parameter singularly perturbed elliptic problem in two space dimensions are
presented. These bounds are used to establish parameter uniform error bounds for
a numerical method consisting of upwinding on a tensor product of two piecewise
uniform meshes.
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1. Statement of Problem
Consider the following class of singularly perturbed elliptic problems posed
on the unit square 2 = (0,1)2,

1.1a
1.1b
1.1c
1.1d

Le ju = e(ugg + Uyy) + plaruy + asguy) —bu = f in 2, (
ulps = s1(x),  ulrr =s2(2),  ulr, =@ y), vl =), (
51(0) = q1(0), s2(0) = (1), s1(1) = ¢2(0), s2(1) = q2(1),  (
ar(z,y) > a1 >0, az(z,y) > az >0, b(x,y) > 26 >0, (
where I'g, I'r, ', and I'g are the edges of the boundary 0f2 defined by
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Iy ={@00<z <1}, Ir={@=0<z<1},
I'p={0,y0<y <1}, Tr={(1yI[0<y<1}

Throughout this paper, we assume sufficient regularity and compatibility on
the data so that the solution and its components are sufficiently smooth for
the following analysis to be valid. With respect to regularity assume that
a1, a2, b, f € C%(D), s1,82,q1,q2 € C™(J), where D, J are open sets such
that 2 C D, [0,1] C J and n,m are sufficiently large for our analysis. In this
paper, the norm ||v||g = maxzeg |v(Z)| is the maximum pointwise norm.

Lemma 1. The solution u of (1.1), satisfies the following bounds
1
lull < [Isllrsure + llallryurs + BWH

and for 1 <k+m <3,

oFtmy,
“3wk5ym

< ()

where C' depends on the coefficients a1,a2,b , the boundary data si1, S2,q1, g2,
the inhomogeneous term f and their derivatives.

Note that the differential equation (1.1a) contains two singular perturbation
parameters 0 < ¢ < gg = O(1) and 0 < p < 1. The analysis for this two-
parameter problem naturally splits into two cases, p? < L and u? > L. In
the case of u? < 2=, the analysis is similar to that in the case of 4 = 0 and
boundary layers of width O(y/€) appear in the neighbourhood of all four edges.
For the case of u? > 2= the analysis is more intricate and boundary layers
of width (’)(%) appear in the neighbourhood of the edges x = 0, y = 0 and
boundary layers of width O(u) appear in the neighbourhood of z = 1,y = 1.

In this paper, we confine the discussion to the case of u? < = and through-
out we assume that

b b
2 o ¢ =min{ —, — }. 1.1
<X =il o (1.10)

2. Regular Component

In order to obtain more informative parameter explicit error bounds on the
derivatives of the solution of (1.1), the solution is decomposed into a sum
of regular and layer components. The extension idea from [3] is used to de-
fine the regular solution, which avoids imposing overly artificial compatibility
conditions. We show that there exists a function v such that L. ,v = f and
when its boundary conditions are chosen appropriately, the function v and
its derivatives up to second order are bounded independently of the small
parameters.
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Define the zero order differential operator Lg as follows
Loz = —bz.

Consider the extended domain 2* = (—d,1 +d) x (—d,1+d) D 2, d > 0.
The extended differential operators L7 , and Lg coincide with the operators
L., and Lg respectively on {2. We also define smooth extensions aj, a3, b*
and f* of the functions a1, as, b and f to 2*.
Consider the differential equation L ov* = f* on 2% and decompose v*
as follows
v (2, y) = v (2, y) + Vevi (z,y) + evs(z, y),

where

Lyvg = f*,  VeLgv} = (Lg — LE ,)vg,
el w3 = Ve(Ly — LI, )vi, vilag- =0.

Note that v§ and v} satisfy zero order differential equations and hence there
are no issues of compatibility. The term v} is the solution of an elliptic problem
on the extended domain 2*. The extensions are taken so that the function
g* = (Lg — LZ ,)v7 is zero at the four corners of the extended domain and
g* € CH(2*). In this way the term vy € C3(02%) is sufficiently regular for
our purposes [2].

Define the regular component v to be the solution of the elliptic problem

La,p,v = fu (%y) € 97
v=0v* (x,y)€ o

Assuming sufficient smoothness of the coefficients, we can establish the fol-
lowing bounds on the first three derivatives of the regular component v

‘ ‘ 8k+mv

g v 0
8xk8ym '

C(1+57k27 ) 0<k+m<3, if ,u2§a

3. Layer Components

Associated with the left edge I', we define a boundary layer function wy,.
Consider the extended domain 2** = (0,1) x (—d,1+d), 0.5 > d > 0. We
define wj to be the solution of

L** z - O (xay) € ‘Q**a

’LUL|]‘L:U—’U7 UJZ(I,ZI/):O, yE[—d,l—Fd],

wi (z,—d) = wi(z,1+d) =0, z€]0,1].

The boundary function (v —v)(0,y) is extended so that (u —v)*(0,y) = 0 for
y < —% and y > 1+ %. By the standard comparison principle, it follows that
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jwi(z,9)| < Ce™VET, (2,y) € 27

Note that the crude derivative bounds given in Lemma 1 also apply in the
case when a1 (x,y) > 0, as(z,y) > 0 and hence they are applicable in the case
of wy, if the extensions are such that aj > 0, a3 > 0, b* > 0. In the direction
orthogonal to the layer we sharpen these bounds. We first obtain a bound on
wi to reflect the fact that it is zero on the edges I77* and I'5*. The coefficient
as is extended to the domain 2** so that

la|e-- < Cillazlle(d+y)(1 +d—y).
Assuming that pu is sufficiently small, we get that
wi(z,y)| <Cd+y)(1+d-y), (r,y) e, (3.1)

From the above bound on |wj (z,y)| and the fact that wj (z, —d) = w} (z,1+
d) = 0, we obtain

ow;, ow;,
< —=(l,y) =
} By (O,y)} G 2, Ly =0
ow;, ow;,
—d)| < 1 <C.
} oy (, d)‘_C’7 ‘ oy (x, +d)‘_C’

Differentiate the equation LI, w7 = 0 with respect to y to obtain

o OQwp Oaj dwj Oas Ow; ~ Ob* x

SRy —H Oy Ox H Oy Oy Oy wp = /-

Using these bounds on the extended domain and p* < 22, we have || fll<c
and therefore

<C.

ow;,
dy

This argument can be extended to produce the higher derivative bounds

<Cl+ve'hH,  i=23.

o'w}
oy?

Define the boundary layer function wy by
Leywr =0, (z,y) € 2, wr|lr, =u—v, wr|r, =0, wrlrpur, = wy,.

Define the boundary layer functions associated with the other three edges wr,
wpg and wp analogously.
Associated with the corner I',g = I', N I'p define a corner layer function
wr,p such that
La,quB =0 (ac,y) € *Qa
wrp = —wp, (z,y) €I, wrp=-wr, (z,y) € I's,

wrp =0, (z,y) €Ir, wrp=0, (z,y) € I'r.
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Note at the corner (0,0), wy(x,0) is compatible with wz,(0,y) = (v —v)(0,y)
which is compatible with (v —v)(z,0) = wg(z,0) which in turn is compatible
with wg(0,y). Hence wy,(x,0) is compatible with wg(0,y) at (0,0).

By using the comparison principle and the obvious barrier function, the
following bound on wy, g holds

wrg(x < Ce~ TremV Y,
lwrs (7, y)| v

Analogous bounds hold for the three other corners. In summary we state the
main result of this paper:

Theorem 1. When p? < L=, the solution u of (1.1) can be decomposed into
the following sum of components

u=v+wr+wRr+wr+wp+wrp +wry +WRB + WRT,

where L. ,v = f, and the layer and corner layer functions are each solutions of
the homogeneous equation L. ,w = 0. Boundary conditions for these functions
can be specified so that the bounds on the components and their derivatives
given below hold:

ok+my 2-k—m
— || <C(l+e 2 ., 0<k+ <3,
_vE, =
wr(e,y)l < CeF" |, |wp(a,y)| < Ce™ VY,
_NAE A
wi(r,y)| < Ce™ %070 fup(a,y)| < Ce™ %207,
oF _ P B
ay ay
(9ka 1—k 5kwT -
H ozk SC(l—i—\/E )’ Ok SC(l—i—\/E ),
_ g, e _NAE . VAE (g
|’LULB($7y)| < Ce VEre EY , |U)LT($,y)| < Ce 7 %e s (1 y),
2 Nl el Nar
lwrp(z,y)| < 06727}5(171)67%‘7/ , Jwrr(z,y)] < 06727}?(17"”)@’ v (=)

For all the layer components, we also have that

Jktmy
|5z

<Ce7 T, 1<k+m<3.

4. Numerical Method

Consider the following upwind finite difference scheme
LNMU(23,y5) = e62U + e62U + pay DU + paa DU — bU = f,

where DV is the forward difference operator and 62 is the standard second
order centered difference operator. We apply the above finite difference op-
erator on the tensor product mesh 2VM = N x QM where 2V (M) is
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a piecewise uniform mesh [1] that places a uniform mesh containing O(NV)
mesh points in each of the three subregions [0, 0], [0%,1 — 04], [1 — 04, 1]. The
transition points o, o, are taken to be

Or = min{i, 21/7%1nN}, oy = min{i, 21/%IDM}.

Note that from the pointwise bounds on the layer components and for this
choice of transition point, when o, < i,
lwe (@i, y5)|| < ON72, 2 > 0.
The discrete solution is decomposed into the sum
U=V +Wr+Wr+Wr+Wp+Wrp+Wrr+ Wgrp + Wgr.

where

LMY = f Vv = v|pvar,  LVNMWL =0, Wi|pvwr = wi| o,
and the other layer functions are defined similarly.

The maximum pointwise error ||u — UJ| is estimated by bounding each of
the error components |[v — V|, |lwr, — W], |lwr — WEg]|| ... separately. The
error ||[v — V|| is bounded using a classical truncation error and comparison
principle argument. When o = i this classical argument is also used to bound
the error in the layer components. For the case when o < i, we have the
following bounds on the discrete boundary layer function Wy,

-1
VAL
|WL(%Z/J|<CH<1+2\/— , hs=zs —x5
Outside the associated layer region and when o, < %, this bound is used to
show that

I(we = W) (@i, y)| < CN~H 2 > og.

Note that, for z; < o,, the truncation error is

3 2
\LNM (4w, — W) < CN lnN\/§<5 0 e Haa;U?L )
83U}L

+CM~! <€

)

H82wL

which implies that
|lwr, — W] <CN ! InN+CM™L.

The error in the other layer components are bounded in an analogous
fashion.

Lemma 2. Let u be the solution of the differential equation (1.1) and U be
the discrete solution defined above. Then at each mesh point (x;,y;) € ON-M

(U —u)(zi,y;)] KON 'InN +CM~'In M,

where C' is a constant independent of €, u and N.
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