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Abstract. In this paper we study the simple algorithms for modelling the transfer
problem of different m substances (m > 2, an example is concentration, moisture,
heat, e.c.) in multi-layer domain. The approximation of corresponding initial bound-
ary value problem of the system of m partial differential equations (PDEs) is based
on the finite volume method. This procedure allows one to reduce the 2D transfer
problem described by a system of PDEs to initial value problem for a system of or-
dinary differential equations (ODEs) of the first or second order. The corresponding
scalar transfer problems are considered in [4, 5]. In a stationary case the exact finite
difference vector scheme is obtained. An example of the problem in two layer media
is considered.
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1. The Mathematical Model

The plate with thickness [ is a multilayer media 2 of N layers 2 = {z: 2 €
2,k =1, N}, where each layer is given in the form

Oy ={z: 241 <z <z}, 1o =025 =1,

x(k = 1, N — 1) are interfaces of the layers (the interior grid points in the
finite difference methods). We shall consider the initial - boundary value prob-
lem for finding vector-functions uy = ug(z,t) = (u,(cl)(a:,t)7 e ,u,(gm)(a:,t))T
from the following system of PDEs in every layer {2,k =1, N:
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Our, 0 ouy,
G5t = 3x(Lk &I) Qn, =€ 02,t>0, (1.1)

where G is a quadratic matrix m x m with constant elements 'y,(:’j ) such
that det(Gy) # 0, Ly is a quadratic positive definite matrix m x m with
constant elements l,(:’j ), Qy is vector-column m x 1 with constant elements
ai,i.j =Tom.

The system of PDEs (1.1) can be rewritten in the following form:

0 Oug(z, 1) —
—(Ly———"2)=F, k=1,N 1.2
33;( M o ) ks R (1.2)
. . Ouy, . L
where Fy, = Grug(x,t) + Qp, Ur = o We have the following continuity

conditions on the interior surfaces = xx, k=1, N —1:

up(rp,t) = ups1(or, t)
Lyuj (g, t) = Lk+1uk+1($k,t)7

and boundary conditions on the exterior surfaces xt =9 =0, c=axny =1:

{ Llu’l(O, t) = ozo(ul(O, t) - T())

(1.4)
Lyun(lt) = au(Ty — un(l,t)),

,  Ou . . .
where v’ = —, ag, oy are diagonal-matrixes with constant elements

ox

ag’, o, j=Tm,

To,T; are known vector-functions with elements To(j )(t), Tl(j )(t), j=1m.

For the initial condition at ¢t = 0 we define
ug(z,0) = ¢(x), k =1, N, (1.5)

where ¢ is known vector-column. If the elements of matrix ag or a; are equal
to infinity (g = 00, or a = 00, ) then we have the first kind boundary
conditions

u1(07t):T0, UN(l,t):Tl. (16)

2. The 2-Layer Problem and Approximation of Integrals
Using the method of finite volumes for scalar functions (see [3]) we obtain

the following exact vector finite-difference scheme with respect to grid points
xk, k=0, N and given function Fj, [5]:

Lihi (w1 — o) — ag(ug — To) = Ry, (2.1)
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Lk+1h1;}1(uk+1 — uk) — Lkhlzl(uk — uk_l) = Rk, k=1,N—1, (2.2)
ozl(Tl—uN)—LNh]_Vl(uN—uN_l) ZRX] (2.3)

The right side of expressions R; contain integrals of derivatives ug(z, t). In the
stationary case j, = 0 this scheme is exact. For non-stationary problem 1, #
0, to approximate the integrals we considered different quadrature formulas

[5].
Now we restrict to the case of only two layers, that is
N=2, x1=hy, zo=1=hy1+ hy, ayg=00, ug="7Tp.
Then the unknown vector-functions are uq, us. In the non-stationary case the

finite-difference scheme is given by

(2.4)

{ LQh;l(UQ — ul) — Llhfl(ul — TO) = GYQ]:L’Ir + GlRf +1;
Ozl(Tl — U2) - L2h;1(u2 - ul) = GQR;I + I;,

where I} = I] + I}, and

1 M 1/
Rf = — xitl(x,t) dr = h1J3, Rir = —/ (l — ﬂi)ug(x,t) dr = hQJl,
hi Jo ha Jp,

Ry = h—g/ (2 — hn)ia(2, 1) da = hods, Ji = /0 (1 2)Va(2) di,

h1
1
_ N g x—hy _ . _

Jo = / Vo (Z)dz, T = T Vo(Z) = da(hq + hak,t),

0 2

1 x
Js :/ Vi () dz, == 7 V1(Z) = 41 (h T, t).

0 1

In the non-stationary case we compute integrals J;, j = 1,2,3 approxi-
mately with quadrature formulas in the following way (j = 1, 2):

Ty =APVa(0) + A Vo (1) + AP VE (1) + BYVY(0) + BY VY (1) + 75, (25)
Js = AP110) + APV (1) + BEV(0) + BPVI (1) + 13, (2.6)
where for j =1,2:

o h_ga5it2(€j,t)

_ hi 9t (&)
= 5! Ox° 41

Cj, § € (h1,l), r3 = TR

Cs, & € (0,h1)

are the vector-errors terms, Ag ), B,ij ), C;(j,k = 1,2,3) are the indefinite co-
efficients.

Using the power functions z°,i = 0,1, ... in (2.5)—(2.6) similarly the scalar
case [3] for the fixed coordinates of vectors V1 (Z), Va(Z) we get the following
two systems of linear algebraic equations for A;f ), B,(CJ )
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m =AW+ AW 44540 46— 1)(BMoi=2 + BY), o
s = AP0+ AP A il - (BP0 4 B, i =0 |
and
H% — AB 4 AP 4G — 1)(BP02 4 BY)), i =103, (2.8)

where 0¢ = 1 for 7 < 0.

Simple computations show that the solutions of the corresponding systems
(2.7) — (2.8) are given by

ATy Lopm 1 po) 1
30 15’ 10’ 180° 72’

A Loy _Boye 1ope 1 pe) 1
15’ 30’ 10’ 360’ 90’
1 1 7 1

oyl e T ope 1

tooer 23 360" 2 45

Constants C; in the residual r; are determined using power functions z*

and z° :
13 4 1

G=-%0 33 G

Using the vector difference equations (2.4) and the right-side integrals
approximations (2.5), (2.6) with neglected error terms r;,j = 1,3 we have
the following vector system of linear ODEs of second order (¢ = iy = 0,
B 0%u
- wv o

i = 00) :

Gaho [Agl)ul + (Aél) — thél)Lg_l)ug + h%Bgl)Lglagﬁl
+12BWY L Goii] + Grn [AD iy + h2BSY L7 Gy (2.9)
+Il = h;lLQ(U/Q — ul) — hflLl(ul — T()),

Goha[AP 01 + (AP — hy AP Ly Vyiy + h2BP Ly Gaiy

(2.10)
+h%B§2)L;1GQU/2] + I; = Oél(Tl — UQ) — h;lLQ(UQ — ul).
The initial conditions for ODEs (2.9), (2.10) are given by
{u1(0> = 0(h), u2(0) = 6(), @1(0) = Gy (L1¢" () = Qu), 2.11)
in(0) = Gy (Lot (1) ~ Qo). '

Here one should take in account that from (1.1)—(1.6) it follows:
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0 . -1 .
‘/2/(1) = hQ%UQ(l,t) = —h2L2 1&[U2,

2

. 0 i
V' (0) = h%wul(o,t) = h%au’l’(o,t) = h2L7 ' Gyilo,
2
V/'(1) = h%wul(hl,t) = WL Gy,

Vy'(0) = h2Ly ' Gaiiy,  Vy'(1) = h2Ly ' Gaiis.

Remark 1. If ag = ay = 00, ug = Ty, us = 1y, then the vector finite—difference
equation follows from (2.4):

h;ng(Tl — ul) — hflLl(ul — TQ) = GohoJi + G1h1J3 + I, (212)
where
Ji = APV (0) + A VR (1) + BYVVE(0) + BV (1) + 74,

_ hy 9%in(&1,t)

"= T o Ci, & € (M,l),
1 1 1 7 1
A(l) _ = A(l) _ = B(l) - B(l) - O =
1 =3 M2 T T 45" 2 360 ' 10

Therefore the system of ODEs of second order (g = ug = 0, tig = iy = 0) is
given in the following form
Gohso [Agl)ﬁl + h%Bgl)Lgngul] + Glhl[AgB)’lll (2 13)
+13BY LT Griin] + I = hy 'Lo(Ty — u1) — hi 'Ly (uy — Tp).

If integrals Ji, Js are approximated without the derivatives then we get
the following system of ODEs of first order

(hQGQ + hlGl)L.Ll + 1, = h;lLQ(ﬂ — ul) — hflLl(ul — To). (214)

ol

3. Some Numerical Results and Examples

FEzxample 1. Let assume that

m:27 Ql:QQZOa L1:L2:La T0:ﬂ201 GIZGQZGa l:]-u
¢(x) = (sin(rwz),sin(rz)r, hy =hs =h=0.5,

(10 (10 2 (10 (10
rer=(on) o= (1)@= (60) o= (A1)

then the exact solution of PDEs problem (1.1)—(1.6) is given by
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u(z,t) = (exp(—m2t) sin(mz), exp(—mw2t)(1 + nt) sin(rx)) 7,

w1 = u(h,t) = (exp(—72t), exp(—w2t)(1 + nt))T.
This is the solution of ODEs

G = Tuy.
From the first order ODEs (2.14) we get the vector initial-value problem
Gy = —12u;, u(0) = (1,17,
and the solutions with error O(h?) is given by
ur = u(h,t) = (exp(—12t), exp(—12t)(1 + 12t))T.

Therefore the value 72 is replaced with 12.
From second order ODEs (2.13) we get the following initial-value problem

blGQih +a1Giy +ur =0 (3 )
Nl
U’l(O) = (L 1)T7 1,1,1(0) = _G_l(TrQaﬂ-Q)T = (_FQaO)Tv
where
4 g L B 89 2040 4 4@y _ 7
=0. B By = =0. A A7) = —.
bl O5h ( 1 + 2 ) 11520, al O5h ( 1 + 3 ) 48
Let denote ugl) = y7u§2) = z, then we have the initial-value problem for
system of two ODEs of the second order
bijj + a1y +y =0, y(0) =1, §(0) = =2, 52)
bk 4 a1i+ 2 = —2b1ij — a1y, 2(0) =1, 2(0) = 0. '

The solution with error O(h?) is given by

y(t) = Dy exp(uit) + D2 exp(puat),
2(t) = D1(1 — pat) exp(pat) + Da(1 — pat) exp(uat),

where Hi2 = —al/(2b1) + \/(al/(2b1))2 — l/bl,

_ pa -2+

Dl 3 2
M2 — H1 H2 — M1

The results of calculations obtained by MAPLE are presented in Table 1,
where u,, v, are exact values of ugl), u§2), Up2, Up2 — values with approximation

O(h?) and upy, vps values with approximation O(h*).
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Table 1. The values of vector u(0.5,¢) at different time moments ¢.

t U Vx Upd Upd Up2 Up2
13727 7406 .383 .750 .301 .663
.2 .1389 .4131 .147 .428 .091 .308
.3 .0518 .2051 .056 .218 .027 .126
4 .0193 .0955 .021 .104 .008 .048
.5 .0072 .0427 .008 .048 .002 .017

Ezample 2. In [2] the model textile package is described by the system of two
equations for transfer of heat and moisture given in the following form

oc ., or _ &C
o T T o2

_b @_'_a 8_T—082_T
ot TP or T o2

(3.3)

where a;, b;, ¢;(i = 1,2), are positive constants. The system of two PDEs (3.3)
is written in form (1.1), where Q = 0,u = (C,T)T is the vector-column,

. aiq —bl o C1 0
G = (_b2 s >, L= <0 62), det(G) > 0.
Ezample 3. In [1] for modelling heat (temperature T') and moisture (M) trans-

port in wood plate or paper sheet the following system of PDEs is considered

or o, oM or
= 5, Prhg— + Eng)

ot ox ox (3.4)
oM _ 0 oMo
ot x> ™ ox ™oz

where Dy, D,, are the heat and moisture coefficients of the moisture gradients,
En, E,, are the corresponding coefficients of the temperature gradients. The

system (3.4) for constant coefficients is given in the matrix form (1.1), where
Q=0,G=F,

L:(ll))h gh> uw=(T,M)T, Dy >0, DLE,, — E,D,, > 0.

4. Conclusions

The 2D transfer problem described by an initial boundary value problem of
the system of PDEs with piece-wise constant coefficients is approximated by
the initial value problem of a system of ODEs of the first or second order.
For increasing the accuracy of approximation, the second order differential
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equations are taken instead of initial value problem of system of first order
ODEs (a corresponding example in two layer domain is consider). Such a
procedure allows us to obtain a simple engineering algorithm for solving mass
transfer equations for different substances in multilayered domain.
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