
Mathematical Modelling and Analysis 2005. Pages 409–412

Proceedings of the 10th International Conference MMA2005&CMAM2, Trakai

c© 2005 Technika ISBN 9986-05-924-0

THE INITIAL-BOUNDARY VALUE

PROBLEM FOR NONLINEAR

PSEUDOPARABOLIC EQUATIONS

G. HILKEVICH

Ventspils University College
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Abstract. Various physical phenomena lead to a mixed boundary value problems
or Cauchy problem for the partial differential equation ut − ∆u − η∆ut = 0. Such
equations are used to model fluid flow in fissured porous media, two phase flow in
porous media with dynamical capillary pressure, heat conduction in two-temperature
systems, flow of some non-Newtonian fluids and other [1, 2, 4, 5, 6]. The aim of this
article is to show existence and uniqueness of weak solutions for some types of
nonlinear pseudoparabolic equation.
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1. Problem Formulation

Let Ω be a bounded domain in the Euclidean space Rn
x ,

Q = Ω × (0; T ), T < ∞

is a cylindrical domain and S = ∂Ω× (0; T ). In the domain Q we consider the
following initial-boundary value problem for the nonlinear pseudoparabolic
equation
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(

mij(u)utxj

)

xi
+ m(u)ut −

(

lij(x, t)uxj

)

xi
+ l(x, t)u

= f(x, t) + f i
xi

(x, t),

u|S = 0,

u|t=0 = ϕ(x).

(1.1)

The existence of a solution will be ensured by the following assumptions:
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(A1) f, f i ∈ L2(Q);

(A2) ϕ ∈ H1
0 (Ω);

(A3) mij(r) : R → R - continuous bounded functions, such that for every
ξ ∈ Rn

ξ and r ∈ R m00|ξ|
2 ≤ mij(r)ξiξj ≤ M |ξ|2, where m00 and M

positive constants;

(A4) m(r) : R → R - continuous bounded function, such that 0 ≤ m(r) ≤ M

for every r ∈ R;

(A5) lij(x, t), l(x, t), lijt (x, t), lt(x, t) - measurable and bounded function on Q;

(A6) lij(x, t) = lji(x, t) in Q;

(A7) lij(x, t)ξiξj ≥ 0 in Q for every ξ ∈ Rn
ξ ;

(A8) l(x, t) ≥ 0 in Q;

(A9) ∃ const µ ≥ 0, such that for every ξ ∈ Rn
ξ in Q:

(a) (µlij − 1
2 l

ij
t )ξiξj ≥ 0,

(b) (µl − 1
2 lt) ≥ 0.

2. Main Results

By H1,1(Q, S
⋃

Ω) we denote the closure of the set of function such that
u(x, t) ∈ C∞(Q) and which vanish identically on neighborhood of S

⋃

Ω,
with respect to the norm

||u||H1,1(Q) =
(

∫

Q

(

u2 + u2
t +

n
∑

i=1

u2
xi

+

n
∑

i=1

u2
txi

)

dxdt
)

1

2

. (2.1)

Similarly we define the space H1,0(Q, S) with norm

||u||H1,0(Q) =
(

∫

Q

(

u2 +
n

∑

i=1

u2
xi

)

dxdt
)

1

2

. (2.2)

Definition 1. We say that u(x, t) is a weak solution of initial-boundary
value problem (1.1), if u(x, t) − ϕ(x) ∈ H1,1(Q, S

⋃

Ω) and for any v(x, t) ∈
H1,0(Q, S) the integral identity holds

∫

Q

(

mij(u)utxj
vxi

+m(u)utv+lijuxj
vxj

+luv
)

dxdt=

∫

Q

(fv−f ivxi
) dxdt. (2.3)

Theorem 1. (Existence). Suppose that assumptions (A1) – (A9) are satis-

fied. Then there exists a weak solution of the initial–boundary value problem

(1.1).
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Proof. We first consider problem (1.1) with homogeneous initial condition
ϕ(x) = 0 on Ω. We fix any function ũ(x, t) ∈ H1,1(Q, S

⋃

Ω) and consider the
initial-boundary value problem for linear pseudoparabolic equation

−(mij(ũ)utxj
)xi

+m(ũ)ut−(lij(x, t)uxj
)xi

+l(x, t)u=f(x, t)+f i
xi

(x, t), (2.4)

u|S = 0, (2.5)

u|t=0 = 0. (2.6)

As it was shown in [3] the weak solution u(x, t) of problem (2.4) – (2.6)
exists in Q and this solution satisfies the inequalities

||u||H1,1(Q) ≤ C, (2.7)

where C is a constant dependent only on Q, m00, f, f i(i = 1, . . . , n) and inde-
pendent of ũ(x, t).

Let D be the set of functions from H1,1(Q, S ∪ Ω) which satisfy the esti-
mation (2.7)

D = {v ∈ H1,1(Q, S ∪ Ω) : ||v||H1,1(Q) ≤ C}

Let us define operator T : D → D in the following way: if the function
ũ belongs to D, then the solution u of considered problem (2.4) – (2.6) is
u = T ũ. The operator T is weakly continuous, i.e. if ũn ⇀ ũ then T ũn ⇀

Tũ, and therefore the conditions of the second Shauder principle (fixed point
theorem) are fulfilled . It means, that the weak solution of problem (1.1) with
homogeneous initial condition exists.

Let us consider now the problem (1.1) with a nonhomogeneous initial
condition. This problem can be reduced to problem with homogeneous initial
condition for function g(x, t) = u(x, t) − ϕ(x) ∈ H1,1(Q, S

⋃

Ω). �

Theorem 2. (Uniqueness). Suppose assumptions (A1) – (A9) are satisfied

and conditions

|m(x) − m(y)| ≤ α|x − y|, |mij(x) − mij(y)| ≤ α|x − y|

are satisfied for all x, y ∈ R. If u(t, x) is a weak solution of the problem (1.1),
and ut, utxi

∈ Lp (i = 1, ..., n), where p > 2, if n = 2, and p ≥ n, if n > 2,
then the problem (1.1) can have only one solution.

Proof. Let us suppose that u(x, t) and ũ(x, t) are solutions of problem (1.1).
Let us denote

u − ũ = w ∈ H1,1(Q),

Qτ = Q ∩ {t < τ}, τ ∈ [0; T ], F (τ) =
(

∫

Qτ

n
∑

i=1

w2
txi

dxdt
)q

,
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where 1
2 + 1

2q
+ 1

p
= 1. Using the definition of the weak solution, for functions

u(x, t) and ũ(x, t) from the integral identity (2.3), where v = wte
−2µt, it is

possible to show, that

F (τ) ≤ C

τ
∫

0

F (t) dt.

From this follows that w = 0 in Q and u = ũ. �
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