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Abstract. Various physical phenomena lead to a mixed boundary value problems
or Cauchy problem for the partial differential equation us — Au — nAus = 0. Such
equations are used to model fluid flow in fissured porous media, two phase flow in
porous media with dynamical capillary pressure, heat conduction in two-temperature
systems, flow of some non-Newtonian fluids and other [1, 2, 4, 5, 6]. The aim of this
article is to show existence and uniqueness of weak solutions for some types of
nonlinear pseudoparabolic equation.

Key words: pseudoparabolic equations, weak solution, initial-boundary value
problem

1. Problem Formulation

Let {2 be a bounded domain in the Euclidean space R,
Q=02x(0;T), T<o

is a cylindrical domain and S = 92 x (0; T'). In the domain Q we consider the
following initial-boundary value problem for the nonlinear pseudoparabolic
equation

(W), + (s — (9., ), + Uz,

x X

= f(CE,t) + f;b (ﬁvt)a
(1.1)

u|5 ZO,

uli=0 = p(x).

The existence of a solution will be ensured by the following assumptions:
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(A1) [, f" € L2(Q);

(A2) ¢ € HY(2);

(A3) m¥(r) : R — R - continuous bounded functions, such that for every
§ € R and 7 € R mool€]* < mY(r)&&; < M[EJ?, where mop and M
positive constants;

(A4) m(r): R — R - continuous bounded function, such that 0 < m(r) < M
for every r € R;

A5) 19 (x,t),1(z,t),17 (2,t),1;(z, t) - measurable and bounded function on Q;

19 (x,t) = 17 (x,t) in Q;

19(z,4)&€& > 0 in Q for every € € RY;

l(z,t) >0 in Q;

3 const p > 0, such that for every £ € R{ in Q:

(ul" — %lij)fifj >0,

(ul = 3le) 2 0.

2. Main Results

By H11(Q,SU{2) we denote the closure of the set of function such that
u(z,t) € C*°(Q) and which vanish identically on neighborhood of S {2,
with respect to the norm

n n 1
ullen @) = (/(u2 +u? + Zui + Zufggt) da:dt) ‘) (2.1)
i=1 i=1

Q

Similarly we define the space Hi (Q,S) with norm

n 1
lulln oo = ([ (02 +3202) o) 2.2)
) i=1
DEFINITION 1. We say that u(x,t) is a weak solution of initial-boundary

value problem (1.1), if u(z,t) — ¢(z) € H1,1(Q, S 2) and for any v(z,t) €
Hi (@, S) the integral identity holds

/(mij(u)umj Vg, + () ugv -+ Uy vy, Huw) dedt= | (fo—flvg,) dedt. (2.3)
Q Q
Theorem 1. (Existence). Suppose that assumptions (Al) — (A9) are satis-

fied. Then there ezists a weak solution of the initial-boundary value problem
(1.1).
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Proof. We first consider problem (1.1) with homogeneous initial condition
@(x) = 0 on £2. We fix any function (z,t) € Hq,1(Q, S|J{2) and consider the
initial-boundary value problem for linear pseudoparabolic equation

_(m” (a)umj )961 +m(a)ut - (l” (33, t)urj )961 —I—Z(JI, t)u = f(l‘, t) +fglc1 (33, t)7 (24)
uls =0, (2.5)
ule—o = 0. (2.6)

As it was shown in [3] the weak solution u(z,t) of problem (2.4) — (2.6)
exists in @ and this solution satisfies the inequalities

[l 1 @) < €, (2.7)

where C is a constant dependent only on @, mqo, f, fi(i = 1,...,n) and inde-
pendent of a(x,t).

Let D be the set of functions from H; 1(Q, S U {2) which satisfy the esti-
mation (2.7)

D={ve H1(Q,SUR): |[v||la,, @ <C}

Let us define operator 7' : D — D in the following way: if the function
@ belongs to D, then the solution w of considered problem (2.4) — (2.6) is
u = Tu. The operator T is weakly continuous, i.e. if "™ — @ then Tu"™ —
T, and therefore the conditions of the second Shauder principle (fixed point
theorem) are fulfilled . It means, that the weak solution of problem (1.1) with
homogeneous initial condition exists.

Let us consider now the problem (1.1) with a nonhomogeneous initial
condition. This problem can be reduced to problem with homogeneous initial
condition for function g(z,t) = u(z,t) — p(z) € H11(Q,SJ 2). A

Theorem 2. (Uniqueness). Suppose assumptions (A1) — (A9) are satisfied
and conditions

im(z) —m(y)| < alz —yl,  [mY(z) —mY(y)| < alz —y|
are satisfied for all x,y € R. If u(t,z) is a weak solution of the problem (1.1),

and ug, Uz, € Lp (i = 1,...,n), wherep > 2, if n =2, andp > n, if n > 2,
then the problem (1.1) can have only one solution.

Proof. Let us suppose that u(x,t) and a(x,t) are solutions of problem (1.1).
Let us denote

u—uUu=we€ Hl,l(Q)a

Q-=Qn{t<r}, 7€[0;T], F(r)= (/zn:wfgh da:dt)q,
g, i=1
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where § + 5. + 1 = 1. Using the definition of the wealk solution, for functions
u(x,t) and i(z,t) from the integral identity (2.3), where v = wie 2#, it is
possible to show, that

F(r) < C’/F(t) dt.
0

From this follows that w =0 in Q and v = u. B
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