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Abstract. The present research is devoted to some polyconvolutions generated by
various integral transforms. For example, we study convolutions of Hankel transform
with the following factorization properties:

Ho[h](z) = Hu[f1(x)Huto[9](2),  Hupm[b)(2) = 27 " Hypm[f](2)Ho [g](2),
Ho[h)(z) = ™" Hu[f)(2)Halg](z),  Hulhl(z) = 2™ "Hy [f](z)Hyu[g](2),

where H, [f](z) is the Hankel transform. Conditions for the existence of the con-
structed polyconvolutions are found. The results of this research are applied for
solvability of ODE and PDE by the method of integral transforms. The derived
constructions allow us to solve various nonuniform equations.
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1. Introduction

The definition of polyconvolution, or generalized convolution, was first intro-
duced by V.A. Kakichev in 1967 [5]. This is the key definition of the present
research.

DEFINITION 1. Let Ay, As and A3 be operators. The generalized convolution

of function f(t) and k(t), under Ay, Aa, Az, with weighted function «(z), is

the function h(t) denoted by ( fa, %k AQ)A (t) for which the following factor-
3

ization property is valid:

(ame) = 4o | (12, ¥ hac) | | @) = et (A28 o).

3
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With the help of this definition we can construct polyconvolutions gener-
ated by various integral transforms. This paper is devoted to the construction
and study of generalized convolutions generated by the Hankel transform.

The Hankel transform is the most extensively studied area of the the-
ory of Bessel transforms. This transform is used to solve many problems of
mathematical physics. It is defined by the integral

F(0) =H[fl(w) = [ fOes )t R, (1.1)
0

where J,(z) is the Bessel function of the first kind of order v, Rev > —1/2.

The classical convolution of the Hankel transform was first introduced
by Ya.l. Zhitomirskii in 1955 [11]. In 1967 V.A. Kakichev constructed this
convolution with help of definition [5].

The explicit expression of this convolution is given by

™ o0

(fl, ¥ ku)y (t) = ZVWFE:—&— 79) /sinzl’sdsoff(T)

0
N (V2 + 72 — 2t7 cos s)

(2 + 72 — 2tr cos s)"/?

ldr. (1.2)

The Hankel transform is the Mellin convolution type transform. There are
many works, which are devoted to study of these transforms and their convo-
lutions (see, for example, [4, 9, 10]). A number of convolution constructions
involving the Hankel transform was derived by N.X.Thao and N.T.Xai [§].
Some polyconvolutions obtained by the author with the help of an approach
by V.A. Kakichev were given in [6].

2. The Generalized Convolutions of Hankel Transform

The polyconvolutions with the factorization properties
Hy[hn](2) = 27 "Hy[f](2)Hyu[g] (@), (2.1)
Hy [ho](2) = o7 H, [f](2)H,[g](2). (2.2)
were introduced in [2]. Consider the functions

hi(t) :t_”//u”f(u)g(v)Pl(t;u,U) du dv

lu—v|<t<u4v
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[e'e) t+v
ha(t) = t”’l/dv / u” " f (w)g(v) Pa(t; u,v) du
0 [t—v|
—t”_l/dv / u” " (w)g(v)Qa(t; u,v) du, (2.4)
0 tto
where
1 "y sy
Pi(t;u,v) = —v¥ p/? (cos s;) sin” /2, ,

\/ﬂ pn—1/2

V2 @v-nr — e ‘
Qi(t;u,v) = msm[(u—u)w}e 7 Qll/fl/z(chri)sh V2 i=1,2,

PY(z), Qp(x) are the associated Legendre functions of the first and second
kind, respectively, and

2uvcoss; = u? +v2 —t?, 2uvchr = t? —u? — 02,

2tvcos sy = 2 + 02 —u?, 2tvchry = u? —t2 — 2.

The following theorems can be proved [2].

Theorem 1. Suppose that Vtf(t), tg(t) € L(0, ) and Rev > 1/2,
Rep > (2Rev — 3)/4. Then the function hi(t) exists and the factorization
relation (2.1) is valid.

Theorem 2. Suppose that \tf(t), tg(t) € L(0, ) and Rev > 1/2,
Re i > Rev — 1. Then the function ha(t) exists and the factorization relation
(2.2) is valid.

These theorems present the conditions of existence of polyconvolutions (2.3)
and (2.4).

The other convolution construction generated by the Hankel transform is
the polyconvolution with the factorization property

Hytm[h](2) = 27 "Hypm [f](2)Hy [g] (2). (2.5)
In this case we prove the following theorem [3].

Theorem 3. Suppose that V/tf(t), Vtg(t) € L(0, o0), g(t) is the continuous
function with a bounded variation on the any interval (0, R) and Rev > 1/2.
Then the polyconvolution

v~ (v) r y . oy
h(t) = m /Cm(COS S) Sin ds
0

T g(Vt2 + 72 — 2T coss) .4

X STV dr 2.6
/f(T) (2 + 72 — 2tT cos 8)2 T T (2:6)
0

exists and the factorization relation (2.5) is valid.
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Sometimes we need to introduce the differential operators [1]

d\" k
Nm v = V| — tm_y, Sk = Nm —uNm v+m| 2.7
) b= WMol (27)

which allow us to find the conditions of existence of polyconvolutions. These
operators possess the following properties:

a) an,u = S7kn,—1/ = Skm,ua
d? 1d 21"
_ qQl _ _
where Sup = Sy = Sy = [ﬁ Tra ?2]

n,v
b) J\/vm7 j:V+kmNm, :tv+(k—1)m'~-Nm, iqumNm, +v — -Z\/vrn(k+1)7 +v+km -
It should be noted that some special cases of these operators occur in the
main equations of mathematical physics, for example, in elasticity theory.

Using properties (a) and (b), it is readily verified that all well-know dif-
ferential operators related to Hankel transform can be expressed in terms of
Np, +v and Sy, .. Therefore, we restrict ourselves to the operators (2.7). Sup-
pose that C)(0,00), is the set of functions f(¢) with continuous derivatives
on the interval (0, 00) such that the asymptotic estimates

f&)=0 ("), t—=+0, ft)=0 ("), t = +oo

hold [1]. Further, p,A € R, p > 3/2 and A > —1/2. In this case we can
construct, for example, the polyconvolution with the factorization property

H, [h)(2) = Hp[f](@)Hup [g](2)- (2.8)

Conditions for the existence of this polyconvolution are not published some-
where before.

Theorem 4. Suppose that V't f(t) € L(0, 00), VtNo 1 (ut1)+29(t) € L(0, 00),
Nk,:l:(p+u)+kg(t) € C)\(Oa OO)p, k = Ovlu R‘e;u > _%7 Re (/J“—’_ 1/) > _%
max {0, F2}, then the polyconvolution

2“+"t /2
2 v . 1+v
h(t) = / e {18 cog™s™ 5
™
—7/2 (2.9)

X /f(T)g (\/2(7‘26 s 4 ¢2e ~i5) cos s) (t%e ™ +t?e 71‘5)7%#“ dr.
0
exists and the factorization relation (2.8) is valid.

3. Application of Polyconvolution to ODE and PDE

The results of this research are applied for solvability of ODE and PDE by
the method of integral transforms [7]. The derived constructions allow us to
solve various nonuniform equations.
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Consider the equation
> arllu(t) = f(t), (3.1)
k

k
where £* is a operator. For example, LFu(t) = %,Et) or LFu(t) = u(t — wy).

The solution of this equation can be represented as a polyconvolution
u(t) = (v8, S vs,)  (0). (3.2)
Ezample 1. Consider the equation (3.1) with the differential operators (2.7)
LK) = Sk, h(t), k=0,1,2,...n, tcR,,

and zero conditions. Then

and the solution of this equation is given by
u(t) = (£, ¥ 0) ().

1 3
Ifn=1;a=a, a1 =1; 3 <Rev< 3 we have the following equation

d*v  du v?
W—F%_ (——a)u(t)—f(t)
and we obtain
() = el Yollelt), ifa = p(t) = —[e]" K, (|elt), ifa=—c?,

where Y, (z) and K, (z) are the Bessel function and the modified Bessel func-
tion of the second kind of order v.

Ezample 2. Let us consider the equation

v L, (0% 1 b*v?

with the conditions u(+0,%2) = uo(t2), uj, (+0,t2) = u1(t2). Then the solu-
tion of this equation is given by

u(ti, tz2) = (f * )L (1, t2) + (uo * e, )u(tr, t2) + (u1 * 9)u(t1, t2)

= ()t 1) + g0 = D)1, 12) + (i )y 1 12),

g1 &
where ¥(t1,t2) = L7 H, {m}
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(f *P)Lu(t,t2) = 2”\/_F(V—|— /d5/81n2” sds/f £,Q)

t1 — &, /13 + (2 — 2t2( cos s)
(t3 + (2 — 2taC cos 5)2

™ oo

(ug * 1), (t1,t2) = %/sing” sds/uk(g)
0 0

Y(t1, /12 + (2 — 2ta( cos s)
(t2 + (2 — 2ta( cos 5) 2

¢ g,

crtlde, k=0,1.

If c=+%2>0,v€R, then

¢(t17 tQ)

|’Y|V+lt2 2,2 2\—%—1 99 2 |’Y|
bts —t b2 —t3)J b2t2 — t2
\/ﬁ|b|”+3( 1 2) 2 477( 1 2) —V—— |b|

2v/mty
If ¢ = 0, then (1, t2) = ﬂ(b%f —2) (b3 — £2) .

o -7)
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